Introduction and Main Results.
Recently, there has been much attention to stability of the solutions to the Navier-Stokes equations.
Recent papers that consider closely related topics are [Se, VS, W2] . Secchi [Se] utilized energy methods to prove his instability result for the 3-dimensional case. Veiga and Secchi [VS] and Wiegner [W2] studied stability in Lp (p > n) for strong solutions to the Cauchy problem. All these papers establish very interesting results for n(> 3)-dimensional problems, without employing any kinds of smallness hypotheses. Here are their stability results. Proposition 2 ( [VS] ). Let p > 3, a\ g L1 n Lp+2, a2 e L1 n Lp, V • ai = V ■ a2 = 0 and let u\ G L°°(0, oo; Lp+2) be a strong solution corresponding to a\. Then there is a constant 8 > 0, such that if ||ax -1|< 8, then there exists a unique solution U2 G C(0, oo, Lp) with initial data a2, and iiui(t)-u2(t)iitP <c(i+tr3/\ where 6, C depend on p, L1, Lp norms of ai, a2 and on the L°°(0, oo; Lp+2) norm of u\.
Proposition 3 ([W2]
). Let p > n> 3, n/p+2/q = 1, a\, a2 G L2C\LP, V-ai = V-a2 = 0 and let u\ G Lq(0, oo\Lp) be a strong solution corresponding to ai. Then there exists a constant 6 > 0 such that if ||ai -ci2||lp < <5, then a strong solution u2 exists with u2 G Lr(0, oo; Lp) and 4p/(n(p -2)) < r < oo.
In [V] , Veiga proved that if a global solution of the n-dimensional problem fulfills u G Lq(0, oo; Lp), then u G Loc(0, oo; Lp), where uq G L2 fl Lp, p > n > 3, n/p + 2/q = 1. Unfortunately, the existence of a solution in the class Lq(0, oo; Lp) is still an open problem for general data uo, but is at least valid for Wiegner's initial condition. In [W3] he proved that if uq G L1 fl Lp, p > n, (1 + |x|)uo(x) G Ll, fRn uq(x) dx = 0, then NOIloo = o(r("+1)/2).
For the 2-dimensional problem, it has been established that for any initial data uo G Hz, there is a unique global strong solution. For the n(> 3)-dimensional case, it is known that for small initial data, there exists a global strong solution. However, we can utilize Veiga's hypotheses rather than the smallness condition to prove the uniform stability. Then by utilizing Wiegner's L°°-decay result [W3] , we can obtain the uniform stability for pressure p.
In this note we study long time uniform stability with respect to perturbation of the initial velocity for solutions to the Cauchy problem for the n(> 2)-dimensional incompressible Navier-Stokes equations (NSE) ut + u ■ Vw -Au + Vp = 0, V • u = 0,
u{x,0) = u0(x), V-140 = 0,
where x = {x\,... ,xn) G Rn, t > 0 are spatial and temporal variables, u -(u\(x,t),..., un{x,t)) G Rn, p = p(x,t) denote the unknown velocity and pressure respectively, Ut -V and A are gradient and Laplace operators respectively. We also study long time asymptotic behavior of the solutions for the 2-dimensional case and regularity for the n(> 3)-dimensional problem. In the whole paper, we assume that uq and (u,p) of problem (1-2) satisfy V • uq = V ■ u = 0 and limi^-i^oo p(x, t) = lim^i^oo 19 3^1 .."a"gn'f) 1 = 0, where on,... ,an are integers, a1 b an < 2, t > 0.
Lemma 1.1. Let n = 2, uq g H2. Then problem (1-2) enjoys a unique global solution (u,p) 6 L°°(0, T; H2) H M/1'oo(0, T; L2), where T > 0 is any finite constant.
Lemma 1.1 can be proved by the fixed point principle together with some of the estimates displayed in Lemmas 2.2, 3.1-3.4. Let (u,p) and (v,q) be the solutions of problem (1-2) corresponding to uq, vq. Let (w,n) = (u -v,p -q). Then they satisfy the equations
Definition.
If there exists a constant C > 0, which may depend on ||uo||x, Nil X, but which does not depend on t > 0, such that (1 -M)Q||(u;,7r)(f)||y-< C||u>0||a', for any 0 < t < oo, then the solutions of problem (1-2) are called uniformly stable, where X, Y are certain Sobolev spaces and a > 0 is a constant. It is very interesting and important that the upper bounds of certain norms of (w,n) depend explicitly on uo -i>o, but do not depend on t > 0. Although it is very difficult to study the uniform stability of the solutions to problem (1-2), we can at least establish the best rates of decay in different Sobolev spaces respectively for the 2-dimensional problem.
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Many mathematicians have studied the asymptotic behavior of solutions to (1) and have made significant progress in this area [H, K, KM, Wl, W2, W3, S, V, Z3] . They verified that solutions to the n(> 2)-dimensional problem have the same rates of decay as those of the heat equations, provided the initial velocities are in the same class. The decay estimates do not automatically lead to the uniform stability of the solutions to (1). In fact, solutions to the n(> 3)-dimensional problem have the decay estimate ||w(£)|| -C(l+£)_n//4, if uo £ L1 ftH2. But if u $ Lq{0, oo; Lp), i.e., /0°° ||ii(£)||'P ^ = 00> where p > n > 3, n/p+2/q = 1, nobody has proved the uniform stability yet. If n = 2, the proof of the uniform instability ||iw(t)|| < C||iuo||> where C is a constant depending only on ||uo||, relies only on some elaborate energy estimate, i.e., ||«(£)|| < ||«o||, l|Vw(£)||2 € L1[0, oo). If n > 3, the proof depends only on the assumption uq e L2 fi Lp, u e L9[0, oo; Lp), p > n > 3, n/p + 2/q = 1. It can be clearly seen that the establishment of this elementary stability is quite independent of all the asymptotic behaviors. We do not necessarily require that any norm of the solution of problem (1-2) tends to zero as £ -> oo to justify this basic uniform stability. On the other hand, the algebraic rates of decay suggest that certain norms of w have some algebraic rates of decay.
We will study the optimal decay rates of various norms of (w, 7r) corresponding to wq, which may be in the Sobolev spaces H2 or Ll fl H2. We employ the method of energy estimation.
We also employ various inequalities. The comprehensive use of Holder's inequality, Gagliardo-Nirenberg's inequality, Gronwall's inequality and the relation V ■ u = 0 is very important and is used almost everywhere to establish the L2 and L°° long time uniform stability.
For the 2-dimensional problem (1-2), if Uo € L1 fl H2, Wiegner [Wl] obtained (1 + £)V2||«(£)|| + (1 + £)3/2||Am(£)|| + (1 + oimoiu < C.
if mo e Ll nH2, JR2 uo dx ^ 0, then 0 < Ci < (1 + £)1/2||m(£)|| < C2 < oo.
For the 2-dimensional problem (3-4), we have similar results to these displayed decay estimates. Denote by C any positive constant appearing in our paper, which may be different from line to line, and which may depend on the L1, L2 and H2 norms of uq, vq, but which never depends on £ > 0. Moreover, denote by Lp = Lp(Rn), L°° = L°°(i?n), Hm = Hm(Rn), L = L\R") n L2{Rn), H = L\Rn) n H2 (Rn) , where p,m > 1 are integers, and denote by 
The definition can be extended to the Hilbert space L2 by continuity. In Section 2, we present a series of elementary estimates relating to problem (1-2) or (3-4). Some other inequalities are also listed here. Section 3 is dedicated to temporal asymptotic behavior of solutions of the 2-dimensional problem (1-2) for the case Uq € H2. After having established all the necessary asymptotic behaviors with uo € H2, we can prove our uniform Lr and L°° stability for the 2-dimensional problem (1-2) with uo,vq e H2 and Ll fl H2. This is done in Section 4. In Section 5, we deal with n(> 3)-dimensional problems. We find that if uq £ L2 fl Lp, u e L9(0,oo;Lp), for some p > n > 3, n/p + 2/q = 1, then u has more regularity, namely u e fl L&(0,oo-,Lr) n fl £°°(0, oo; L2)
Let us state our long time uniform stability theorems. [ wo dx -^ 1/^T-T~ll^oiu < (! + f)1/2lM*)ll < C7\\w0\\l,
If uo, vq € Ll C\H2, fR2 wo dx = 0, fR2 |x| |u>o| dx < oo, then we have the uniform stability estimate
Theorem 2. Let (u,p) and (v,q) be the weak solutions of the n(> 3)-dimensional problem (1-2) corresponding to the initial data uq and vq. Let (w, n) = (u -v,p -q). If uo 6 L2(lLp, u E Lg(0,oo; Lp), for some p > n > 3, n/p+2/q = 1, thenu € L°°(0, oo; Lp).
If vq e L2, we also have the uniform stability estimate
/ \\Vw(t)fdt<C\\w0\\2, ||7r(t)||oo < Clkoll. (9) Jo where constant C depends only on the Lq(0,oo; Lp) norm of u. If uo, vq e L2 n Lp, u € Lq(0, oo; Lp), for some p > n > 3, n/p + 2/q = 1, then there exists a constant 5 > 0, such that if ||uo -voIIlp < a strong solution v exists with v € Lr(0, oo; Lp), 4p/(n(p -2)) < r < oo, and roc / IK*)IIL> dt < C < oo,
where C depends on ||u(i)||®P dt.
If uo, € H2 n L°°, u € Lq{0, oo; Lp), for some p > n > 3, n/p + 2/q = 1, then for any r > p, there exists a constant 6(r, n) > 0, such that if ||uq -t>o||Lr < ^(r,n)> then
where C(n, r) depends on the norm /0°°
Theorem 3. Let (u,p) be the solutions of the 2-dimensional problem (1-2) corresponding to the initial velocity uq. Then we have the decay estimates for the solutions (u,p) sup ll«o-"olliP<i5. 
+ (1 + £)3/~||Vw((i)|| + (1 + t)2 Vpt(t) '., < C.
Theorem 4. Let uo E L2 fl L°°, u E Lq(0, oo; Lp), for some p > n > 3, n/p + 2/q = 1.
Then u e (np<,<oo i2r/(r-n)(0, oo; V)) n (n2<,<oo ^(0, oo; L')).
Elementary
Estimates.
In this section we present some elementary estimates that will be very useful in demonstrating our uniform stability.
Lemma 2.1. The following preliminary estimates are valid for the 2-dimensional problem:
where f,g,h £ Hl with V • g = 0 are arbitrary vector-valued functions.
The first, two estimates are necessary to bound |w)| in Lemma 2.3, which is a very important step for obtaining some of the main results. See Lemmas 4.2, 4.3, and 4.4. Some other estimates follow by taking the divergence of (1) and integrating the results appropriately.
They play significant roles in establishing Theorem 1. The last one is important in some simplifications. The first three and the last two estimations are also valid for the n-dimensional case, n > 2. Moreover, we have
Taking the divergence of equations (3) we get
By using this identity we get the following:
Similarly, we have
We also have the estimates C|Kt)OA«(*)ll2 < C\\w(t)\\ ||At«(t)|| ||Au(i)||2 <C\\Au(t)\\ ||A^)II2 + C||AuWH3|K^12
C|kWll^ollAwWI|2 < C|K*)|| l|Au(<)|| ||Aw(*)||2.
Thus we have
The following estimates follow directly from equations (3) and |w • Vu| < |w| |Vu|: 
IKWII < II(w ■ Vu)(t)|| + \\(v ■ Vw)(*)|| + ||Aw(t)|| + ||V7r(t)|[ < im<)lloo||V«(t)|| + ||v(i)||oo||Vu>(t)ll + ||Atu(t)|| + IIVtt
In addition, since Proof. Since Rn = B(t) U B(t)c, we get
Substituting this inequality into the original one, the lemma is proved.
Lemma 2.5 (Gagliardo-Nirenberg's inequality). For all 1 < p, q, r < oo and for all integers n > 1, m > k > 0, there exist two constants k/m < a < 1, C > 0 such that for all u e CZ°(Rn)
The only exception is that a ^ 1 if m -n/r = k, 1 < r < oo.
Lemma 2.6 (Generalized Gronwall's inequality). Let f(t), g(t) > 0, h(t) > 0 satisfy the inequality g{t) < f(t) + f g(s)h(s) ds, for any 0 < t < oo,
Jo where h(t) satisfies /0°° h(t) dt < oo. Then we have the estimate git) < f(t) exp rOO / h(t) Jo dt for any 0 < t < oo.
3. Decay of solutions of problem (1-2), the case /3 = 0. Before we begin our main work on problem (3-4), we need to establish some decay estimates on problem (1-2) with uq g H2. These results are new.
The proof of Theorem 2, the case (3 = 0 will be given by the following three lemmas. Proof. Forming the scalar product of (1) and the vector 2u and integrating in the space Rn, we get ft\\u(t)r + 2\\Vu(t)f = 0.
It follows from this identity that (15) is correct.
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Discussions given below are restricted to the 2-dimensional case. Let A = ulx2 -u2xi.
Making the scalar product of this equation and 2A, integrating in the space R2, we get jt\\A(t)\\2 + 2\\VA(t)r = 0.
It is obvious that ||Vu(£)||2 = ||.4(i)||2, ||Aw(t)||2 = ||\M(£)||2. Thus we have d ||Vu(t)||2+2||AM(t)||2=0.
Therefore we obtain roo sup ||Vw(i)||2 < IIVwoll2, 2/ ||Au(£)||2dt < ||Vu0||2.
Moreover we observe that
Thus limt_00 ||Vu(t)||2 exists. On the other hand, ||Vu(t)||2 e £*[(),oo).
Thus lim^oo ||Vu(i)||2 = 0. Because ||Vu(t)||2 is monotone decreasing, if 0 < s < t < oo, we have pOO r>t / l|Vw(r)||2rfr > / ||Vu(r)||2 dr > {t -s)||Vu(<)||2. < C||V-u(t)ll^oIIv«(t)||2 + CH*)|£,||A«(t)||2 <C\\u(t)\\ ||Au(t)|| ||VU(OIII|VAu(t)|| <i||VAU(t)||2 + C||^)||2||Vu(|)||2||A^)||2.
Therefore we get |||A^)||2 + ||VAu(t)||2<C||^)||2||VW(i)||2||Au(<)||2. Proof. It can be proved by using the estimates in Lemma 2.2 that IIpWII < ll«(0lloo||«WII, l|Ap(t)|| < C||A«(i)||3/2, l|Vp(«)ll2 < IbWII l|Ap(t)||.
Lemma 3.4. Let (u,p) be the solution of problem (1-2) corresponding to the initial velocity w0 € H2. Then (3 = 0 in Theorem 3.
Proof. By using Lemma 2.2, it is very easy to prove. If Uo has more regularity, then we can demonstrate the following. By using Gagliardo-Nirenberg's interpolation inequalities, it is very easy to get the estimates HtJIlSo < \\u(t)W ||Atx(OII < C(1 + i)"S l|V«(t)||2o < C||V«(t)|| ||VA«(t)|| < C{ 1 + tr2.
Remark
1. The following decay estimates are correct if the initial data uq e H°° = n~=i Hm:
where m > 0 is an integer. In fact, we have the following more precise results:
It is worth mentioning that neither of these results has been obtained before if Uq 6 H3.
4. Proofs of Theorems 1 and 3. With the aid of the elementary estimates, the decay estimates of the solutions of problem (1-2) with uo € H2, we can now develop our proof for the main theorem step by step.
LEMMA 4.1. Let (u,p), (v,q) be the solutions of problem (1-2) corresponding to uq,vq 6 H2. Then we have the following estimates:
Jr2
-||w(i)||2 + 2||Vu;(t)||2 = -2 f w ■ (w ■ Vu) dx, : Jr2 w ■ Vtt dx = 0.
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where B(t) = {e 6 K2 | (1 +1) |e|2 < C}.
Proof. If we form the scalar product of equations (3) -2 f w(w Vu) dx < 2||u(i)||00|Mt)ll ||Vw(t)|| < ||«(0llLlK*)l|2 + IIV^(i)||2.
Jr2
Therefore we get~\ \w(t)W2 + 2||Vw(i)||2 < ||«(t)llLM«)ll2 + IIVMOII2, or we have the simpler inequality |||«;WII2 + ||Vt«(t)ll2<Nt)llLlkWII2-
The right-hand side of the above estimate does not consist of v or vo; hence the constants appearing in any further arguments relating to this inequality have nothing to do with Vo■ By means of Lemmas 3.1 and 3.2, we get M<)ll» < IK*)II IIAuWII^ca + t)"1.
Therefore we obtain the estimate |lM<)ll2 + liv^)||2 < c(i + trXOII2- 
dt
(1 + tf f H2 J + (1 + t)3 [ |e|3|w|2 Jr2 J Jr2 <3(1 + t)2 f |u>|2 d£ + C(1 + t)2 f \w\2d£ < C(l + t)2 f \w\2 d£. We have the following simplifications:
We also have the estimates C\\w(t)\\U^m2 < ClkWII l|A«;(t)|| ||Au(£)H2 <C||Au(i)|| ||Aw(i)||2 + C||Au(i)ll3IKt)||2 C||i;(t)||Ll|A«;(0ll2 < C\\v(t)\\ ||Au(t)|| ||A^)||2. Up to now in this lemma, the constants are independent of Vo■ This estimate also holds for periodic boundary value problems for (1). Further, by Gagliardo-Nirenberg's inequality (Lemma 2.5), we have Mt)\\io < c\\w(t)\\ ii Aw(t)n < ca+tnKii ii«,oii2, l|Vu>(<)||2 < C||«,(i)|| ||A«7(t)|| < C(1 + i)"1|ko|| IKHa.
Thus we get IMOIloo < C( 1 + i)"1/:2|ko||2, l|Vw(t)|| < C{ 1 + <)"1/2||wo||2-Now we employ Lemma 2.1 to estimate ||u/t(£)||, ||7r(t)||, ||V7r(i)||, ||A7r(t)||, Htt^)^, ||7rt (i) ||. It is very simple to obtain IMOII < C(1 + t)-1||^o||2, Ikwil <c(i + t)-3/2IKI|2, ||7r(t)|| < C( 1 + i)-1/2|ko||2, ||V7T(t)|| < C(1 + tr'Wwoh,
This lemma is very interesting. It illustrates that as long as the hypothesis (u0, A0) € H2 is satisfied, which implies that (woj^o) decays very slowly as |a;| -> oo, and which guarantees that the global solutions of problem (1-2) exist and that ||(u,^4)(t)||, || (u, A)(*) ||oo decay to zero at a very slow rate, as t -> oo, then the solutions of problem (1-2) are stable. We do not necessarily require that the initial velocity decay more rapidly, i.e., (mo, A0) E Lr fl H2, 1 < r < 2. Aw dt < C(1 + t)2 f \w\2da<C(l+t)\\w0\\l.
Jr2
Ir2
Integrating in time t, we obtain
which is just the estimate ||Atu(i)|| < C||w0||_ff(l + t)_3/2.
As before, using Lemma 2.5, we get lk(/)|U < C w(f)\ J/2|IA«:(/) |1/2 < c^ + tr'WwoWn,
Further, by Lemma 2.1, we have IkWII < C(1 + t)"1 Kiln, IIA7t(£)|| < C(1 + t)"2||«;o||H, Mt)\\oo<C(l + t)-3/2\\w0\\H, ||V7r(t)||<C(l + t)-8/2|K||H, IMt)|| < C{ 1 + r^lNIk, IMOII < C{\ + t)-2\\w0\\H. IkWII ^ c(l + 0_1 M1 + *)IW|l.
Iterating once more, i.e., using (21) and (23) Am d£ + C\\w0\\2t.
Therefore we have l|Au;(t)|| < C(1 +1)~2.
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Now it is very easy to get nv«;(t)ii ^cdkoiUi + iKya+o-1.
IkWIloo < c(||wj0||Li + ||w0||2)(i + ty1.
The other estimates follow lines that are by now familiar.
Corollary 3. Let the conditions of Lemma 4.4 be satisfied. Let u be the solution of problem (1-2) corresponding to the initial data uq € H2. Then (3 = 1 in Theorem 3.
Lemma 4.5. Let uq, vq € L1 n H2, JR2 wq dx ^ 0. Then C, f Wq dx^||wol|g < (1 + t)1/2\\w(t)\\ < C7\\w0\\h, <3(l + £)2 f \z\2 d£ + C(1 + t)2 f \w\2 d£ < C(1 + t)2 f \w\2 d£,
Jr2
Jr2 Jr2
where we have used the fact ||w(i)||^o + < C( 1 + £)-1. By using Lemma 2.4, we now obtain
